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THIRD HOMOLOGY OF PERFECT CENTRAL
EXTENSIONS
B. MIRZAII, F. Y. MOKARI, AND D. C. ORDINOLA
Abstract. For a central perfect extension of groups A ֌ G ։
Q, we study the maps H3(A,Z) → H3(G,Z) and H3(G,Z) →
H3(Q,Z) provided that A ⊆ G
′. First we show that the image
of H3(A,Z)→ H3(G,Z)/ρ∗(A ⊗Z H2(G,Z)) is 2-torsion where ρ :
A × G → G is the usual product map. When BQ+ is an H-
space, we also study the kernel of the surjective homomorphism
H3(G,Z)→ H3(Q,Z).
Introduction
Homologies and cohomologies are important invariants that one can
assign to a given group. Unfortunately, in many important cases these
(co)homology groups are too complicated to be computed explicitly.
Therefore in many cases results allowing to compare the homology
groups for different groups become quite important.
In this article, we study such homomorphism for the third homology
groups of a perfect central extension. A central extension A֌ G։ Q
is called perfect if G is a perfect group, i.e. if G = [G,G]. The aim
of the current paper is to study the maps H3(A,Z) → H3(G,Z) and
H3(G,Z)→ H3(Q,Z) for such extensions provided that A ⊆ G
′.
The interest to this problem comes from two sources. First from
algebraic K-theory and the study of K-groups of a ring where various
type of universal central extensions [1] appears. Second from algebraic
topology and homology of groups that many often one has to deal with
different types of spectral sequences that usually are difficult to deal
with.
In Section 1 we give a quick overview of Whitehead’s quadratic func-
tor which plays an important role in this article.
In Section 2 we show that if A is a central subgroup of a group G
such that A ⊆ G′, e.g. G a perfect group, then the image of the natural
map
H3(A,Z)→ H3(G,Z)/ρ∗(A⊗Z H2(G,Z))
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in 2-torsion, where ρ : A × G → G is the usual product map. In
particular if A ֌ G ։ Q is a universal central extension, then the
image of H3(A,Z) in H3(G,Z) is 2-torsion.
Section 3 has K-theoretic flavor. If A֌ G։ Q is a perfect central
extension such that K(Q, 1)+, the plus-construction of the classifying
space ofQ, is anH-space, then we prove that there is the exact sequence
A/2→ H3(G,Z)/ρ∗(A⊗Z H2(G,Z))→ H3(Q,Z)→ 0.
Moreover we prove that with this extra condition, the map H3(A,Z)→
H3(G,Z)/ρ∗(A⊗ZH2(G,Z)) is trivial. In particular if the extension is
universal then the image of H3(A,Z) in H3(G,Z) is trivial.
Finally in Section 4 we prove cohomological version of these results.
If A is a central subgroup of a group G such that A ⊆ G′, we show that
the map H3(G,Z) → H3(A,Z) in trivial. Moreover if A֌ G ։ Q is
a perfect central extension such that K(Q, 1)+ is an H-space, then we
get the exact sequence
0→ Ext1
Z
(A,Z)→ H3(Q,Z)→ H3(G,Z)
ρ∗
−→ (A⊗Z H2(G,Z))
∗,
where for an abelian group M , M∗ is its dual group Hom(M,Z).
Notations. If A→ A′ is a homomorphism of abelian groups, by A′/A
we mean coker(A → A′). For a group A and a prime p, p∞A is the
p-power torsion subgroup of A.
1. Whitehead’s quadratic functor
Let A ֌ G ։ Q be a perfect central extension. By Theorem 2.1
the image of the map H3(A,Z)→ H3(G,Z) is 2-torsion. To study this
image further and also to study the map H3(G,Z)→ H3(Q,Z), the use
of tools and techniques from algebraic topology seems to be necessary.
Standard classifying space theory gives a (homotopy theoretic) fi-
bration of Eilenberg-MacLane spaces K(A, 1) → K(G, 1) → K(Q, 1).
From this we obtain the fibration [7, Lemma 3.4.2]
K(G, 1)→ K(Q, 1)→ K(A, 2).
By studying the Serre spectral sequence associated to this fibration
we obtain the exact sequence
(1.1) H4(Q,Z)→ H4(K(A, 2),Z)→
H3(G,Z)/ρ∗
(
A⊗Z H2(G,Z)
)
→ H3(Q,Z)→ 0.
The group H4(K(A, 2),Z) plays very important role in this article. It
has interesting properties and has been studied extensively [11], [5].
A function θ : A → B of (additive) abelian groups is called a qua-
dratic map if
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(1) for any a ∈ A, θ(a) = θ(−a),
(2) the function A × A → B with (a, b) 7→ θ(a + b) − θ(a) − θ(b) is
bilinear.
For any abelian group A, there is a universal quadratic map
γ : A→ Γ(A)
such that for any quadratic map θ : A → B, there is a unique group
homomorphism Θ : Γ(A) → B such that Θ ◦ γ = θ. It is easy to see
that Γ is a functor from the category of abelian groups to itself.
The functions φ : A→ A/2 and ψ : A→ A⊗Z A, given by φ(a) = a
and ψ(a) = a ⊗ a respectively, are quadratic maps. Thus we get the
canonical homomorphisms
Φ : Γ(A)→ A/2, γ(a) 7→ a and Ψ : Γ(A)→ A⊗ZA, γ(a) 7→ a⊗a.
Clearly Φ is surjective. Moreover coker(Ψ) = A ∧ A ≃ H2(A,Z) and
hence we have the exact sequence
(1.2) Γ(A)
Ψ
−→ A⊗Z A→ H2(A,Z)→ 0.
Furthermore we have the bilinear pairing
[ , ] : A⊗Z A→ Γ(A), [a, b] := γ(a + b)− γ(a)− γ(b).
It is easy to see that for any a, b, c ∈ A, [a, b] = [b, a], Φ[a, b] = 0,
Ψ[a, b] = a⊗ b+ b⊗ a and [a+ b, c] = [a, c] + [b, c]. Using (1) and this
last equation, for any a, b, c ∈ A, we obtain
(a) γ(a) = γ(−a),
(b) γ(a+b+c)−γ(a+b)−γ(a+c)−γ(b+c)+γ(a)+γ(b)+γ(c) = 0.
Using these properties we can construct Γ(A).
Let A be the free abelian group generated by the symbols w(a),
a ∈ A. Set Γ(A) := A/R, where R denotes the relations (a) and (b)
with w replaced by γ. Now γ : A→ Γ(A) is given by a 7→ w(a).
It is easy to show that [a, a] = 2γ(a). Thus the composite
Γ(A)
Ψ
→ A⊗Z A
[ , ]
−→ Γ(A)
coincide with multiplication by 2. Moreover one sees easily that the
composite
A⊗Z A
[ , ]
−→ Γ(A)
Ψ
→ A⊗Z A
sends a⊗ b to a⊗ b+ b⊗ a.
It is known that the sequence
(1.3) A⊗Z A
[ , ]
−→ Γ(A)
Φ
→ A/2→ 0
is exact.
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Proposition 1.1. For any abelian group A, Γ(A) ≃ H4(K(A, 2),Z).
Proof. See [5, Theorem 21.1] 
For topological proofs of the exact sequences (1.2) and (1.3) one may
studying the Serre spectral sequences associated to the fibration
K(A, 1)→ K({1}, 1)→ K(A, 2)
coming from the extension A
≃
֌ A։ {1} and the path space fibration
ΩK(A, 2)→ PK(A, 2)→ K(A, 2),
respectively. Observe that ΩK(A, n) = K(A, n+ 1) and
Hn+2(K(A, n),Z) ≃ A/2
[12, Theorem 3.20, Chap. XII]. We should mention that K(A, 2) is an
H-sapce [12, Theorem 7.11, Chap. V] and A ⊗Z A → H4(K(A, 2),Z)
is induced by the product structure of the H-space.
2. Third homology over central subgroups
Let A be a central subgroup of G such that A ⊆ G′. The condition
A ⊆ G′ is equivalent to the triviality of the homomorphism of homology
groups H1(A,Z) → H1(G,Z). Let n be a nonzero natural number.
From the commutative diagram
(2.1)
A× A A
A×G G,
µ
ρ
where µ and ρ are the usual product maps, we obtain the commutative
diagram
Hn−1(A,Z)⊗Z H1(A,Z) Hn(A,Z)
Hn−1(A,Z)⊗Z H1(G,Z) Hn(G,Z).
=0
This shows that the composite∧n
Z
A→ Hn(A,Z)→ Hn(G,Z)
is trivial. Since Hn(A,Z)/
∧n
Z
A is torsion [4, Theorem 6.4, Chap. V],
the image of Hn(A,Z) in Hn(G,Z) is a torsion group. In particu-
lar H1(A,Z) → H1(G,Z) and H2(A,Z) → H2(G,Z) are trivial map.
Moreover if A is torsion free, then Hn(A,Z) → Hn(G,Z) is trivial for
any n ≥ 1.
For the third homology we have the following interesting result.
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Theorem 2.1. Let A be a central subgroup of G such that A ⊆ G′.
Then the image of the natural map
H3(A,Z)→ H3(G,Z)/ρ∗(A⊗Z H2(G,Z))
is 2-torsion. In particular if A֌ G։ Q is a universal central exten-
sion, the image of H3(A,Z) in H3(G,Z) is 2-torsion.
Proof. It is well-known that the sequence
0→
∧3
Z
A→ H3(A,Z)→ Tor
Z
1 (A,A)
Σ2 → 0,
is exact [9, Lemma 5.5], where Σ2 = {id,−σ}. The homomorphism on
the right side of the exact sequence is obtained from the composition
H3(A,Z)
∆∗−→ H3(A× A,Z)→ Tor
Z
1 (A,A),
where ∆ is the diagonal map A → A × A, a 7→ (a, a). Moreover the
action of σ on TorZ1 (A,A) is induced by the involution ι : A×A→ A×A,
(a, b) 7→ (b, a).
From the diagram (2.1), we obtain the commutative diagram
H˜3(A× A,Z) H3(A,Z)
H˜3(A×G,Z) H3(G,Z),
µ∗
ρ∗
where
H˜3(A×A,Z) := ker(H3(A× A,Z)
(p1∗,p2∗)
−−−−→ H3(A,Z)⊕H3(A,Z)),
H˜3(A×G,Z) := ker(H3(A×G,Z)
(p1∗,p2∗)
−−−−→ H3(A,Z)⊕H3(G,Z)).
As we have seen, the condition A ⊆ G′ implies that the composite
∧3
Z
A→ H3(A,Z)→ H3(G)
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is trivial. This fact together with the Ku¨nneth formula for H˜3(A×A,Z)
gives us the commutative diagram
TorZ1 (A,A) Tor
Z
1 (A,A)
Σ2
H˜3(A× A)/
⊕2
i=1Hi(A,Z)⊗Z H3−i(A,Z) H3(A,Z)/
∧3
Z
A
H˜3(A×G)/
⊕2
i=1Hi(A,Z)⊗Z H3−i(G,Z) H3(G,Z)/ρ∗(A⊗Z H2(G,Z))
TorZ1 (A,H1(G,Z)).
µ¯∗
α
≃
µ∗
i˜nc∗
β
≃
inc∗
≃
ρ∗
Note that
im(H2(A,Z)⊗ZH1(G,Z)→ H3(G,Z)) ⊆ im(A⊗ZH2(G,Z)→ H3(G,Z))
(see [8, Proposition 4.4, Chap. V]). Since the map
TorZ1 (A,A) = Tor
Z
1 (H1(A,Z), A)→ Tor
Z
1 (A,H1(G,Z))
is trivial, we see that ρ∗ ◦ i˜nc∗ ◦ α
−1 is trivial. This shows that the
composite map inc∗◦β
−1◦µ¯∗ is trivial. Therefore the image ofH3(A,Z)
in H3(G,Z) is equal to the image of
TorZ1 (A,A)
Σ2/µ¯∗Tor
Z
1 (A,A).
By the above arguments, one sees that the homomorphism
µ¯∗ : Tor
Z
1 (A,A)→ Tor
Z
1 (A,A)
Σ2
is induced by the composition A×A
µ
−→ A
∆
−→ A×A.
The morphism of extensions
A A×A A
A A {1},
i1
µ
p2
=
where i1(a) = (a, 1), p2(a, b) = b and µ(a, b) = ab, induces the mor-
phism of fibrations
K(A×A, 1) K(A, 1) K(A, 2)
K(A, 1) K({1}, 1) K(A, 2).
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By analysing the Serre spectral sequences associated to this morphism
of fibrations, we obtain the exact sequence
0→ ker(Ψ)→ H4(K(A, 2))
Ψ
→ A⊗Z A→ H2(A)→ 0,
where
ker(Ψ) ≃ H3(A,Z)/µ∗(A⊗Z H2(A,Z)⊕ Tor
Z
1 (A,A)).
Clearly µ∗(A⊗Z H2(A,Z)) ⊆
∧3
Z
A ⊆ H3(A,Z). Therefore
ker(Ψ) ≃ TorZ1 (A,A)
Σε
2/(∆A ◦ µ)∗(Tor
Z
1 (A,A)).
But by the facts from the previous section ker(Ψ) is two torsion. This
proves our claim. 
Remark 2.2. (i) If A is a central subgroup of a group G, then the
same argument as in proof of Theorem 2.1 shows that the image of the
natural map
H3(A,Z)→ H3(G,Z)/ρ∗(H˜3(A×G,Z))
is two torsion.
(ii) In Proposition 3.3, we show that if A ֌ G ։ Q is a uni-
versal central extension such that BQ+ is an H-space, then the map
H3(A,Z)→ H3(G,Z) is trivial.
3. Third homology of central extensions over H-groups
For any sequence of abelian groups An, n ≥ 2, Berrick and Miller
constructed a perfect group Q such thatHn(Q,Z) ≃ An [3, Theorem 1].
Let A be an abelian group. By using the result of Berrick and Miller,
choose a perfect group Q such that H2(Q,Z) ≃ A and H4(Q,Z) = 0.
Then if A֌ G ։ Q is the universal central extension of Q, we have
the exact sequence
0→ H4(K(A, 2),Z)→ H3(G,Z)→ H3(Q,Z)→ 0.
This example shows that in general for an the universal central exten-
sion A ֌ G ։ Q, the kernel of H3(G,Z) → H3(Q,Z) can be very
complicated.
A group is called quasi-perfect if its commutator group is perfect.
We say a quasi-perfect group Q is an H-group if K(Q, 1)+, the plus-
construction of K(Q, 1) with respect to Q′ = [Q,Q] [6], is an H-space.
Note that for a group G, K(G, 1) is an H-space if and only if G is
abelian.
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Example 3.1. (a) A quasi-perfect group Q is called a direct sum group
if there is a homomorphism ⊕ : Q × Q → Q, called an internal direct
sum on Q, such that
(i) for g1, . . . , gk ∈ Q
′ and g ∈ Q, there is h ∈ Q′ such that ggig
−1 =
hgih
−1 for 1 ≤ i ≤ k,
(ii) for any g1, . . . , gn ∈ Q, there are c, d ∈ Q such that c(gi⊕1)c
−1 =
d(1⊕ gi)d
−1 = gi.
It is known that any direct sum group is an H-group [10, Proposi-
tion 1.2]. The stable general linear, orthogonal, symplectic groups and
their elementary subgroups, all are groups with direct sum. For more
examples of such groups see [6, 1.3].
(b) For any abelian group A, Berrick has constructed a perfect group
Q such thatK(Q, 1)+, is homotopy equivalence toK(A, 2) [2, Corollary
1.4]. Thus Q is an H-group.
Theorem 3.2. Let A ֌ G ։ Q be a perfect central extension. If Q
is an H-group, then we have the exact sequence
A/2→ H3(G,Z)/ρ∗(A⊗Z H2(G,Z))→ H3(Q,Z)→ 0.
Proof. From the central extension and the fact that Q is perfect we
have the fibration
K(A, 1)→ K(G, 1)+ → K(Q, 1)+
[13, Proposition 1], [1, Theorem 6.4]. From this we obtain the fibration
K(G, 1)+ → K(Q, 1)+ → K(A, 2)
[7, Lemma 3.4.2]. It is known that K(A, 2) is an H-space [12, Theorem
7.11, Chap. V]. Moreover the map K(Q, 1)+ → K(A, 2) is an H-map
[14, Proposirion 2.3.1]. Since the plus construction does not change the
homology, from the Serre spectral sequence of the above fibration we
obtain the exact sequence
H4(Q,Z)→ H4(K(A, 2),Z)→
H3(G,Z)/ρ∗(A⊗Z H2(G,Z))→ H3(Q,Z)→ 0.
From the commutative diagram, up to homotopy, of H-spaces and H-
maps
BQ+ × BQ+ BQ+
K(A, 2)×K(A, 2) K(A, 2),
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we obtain the commutative diagram
H2(Q,Z)⊗Z H2(Q,Z) H4(Q,Z)
A⊗Z A H4(K(A, 2),Z).
Since G is perfect, H2(Q,Z) → A is surjective. This gives us the
surjective map
H4(K(A, 2),Z)/im(A⊗Z A)։ H4(K(A, 2),Z)/im(H4(Q,Z)).
This together with (1.3) gives us the desired exact sequence. 
If A ֌ G ։ Q is a perfect central extension, Theorem 2.1 implies
that the image of H3(A,Z) in H3(G,Z) is 2-torsion. In the following
proposition we go one step further.
Proposition 3.3. Let A֌ G ։ Q be a perfect central extension. If
Q is an H-group, then the natural map
H3(A,Z)→ H3(G,Z)/ρ∗(A⊗Z H2(G,Z))
is trivial. In particular if the extension is universal, then the natural
map H3(A,Z)→ H3(G,Z) is trivial.
Proof. From the morphism of extensions
A A {1}
A G Q,
we obtain the morphism of Serre fibrations
K(A, 1) K({1}, 1) K(A, 2)
K(G, 1) K(Q, 1) K(A, 2),
By analyzing the Serre spectral sequences of these fibrations we obtain
the commutative diagram
ker(Ψ) H3(A,Z)
H4(K(A, 2),Z) H3(G,Z)/ρ∗(A⊗Z H2(G,Z))→H3(Q,Z)→ 0,
≃
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where H3(A,Z) is a quotient of H3(A) and the map
Ψ : Γ(A) = H4(K(A, 2),Z) −→ A⊗Z A
is discussed in the previous section. Since Γ(A)/[A,A] ≃ A/2 (see
(1.3)), from Theorem 3.2 and the above diagram we obtain the com-
mutative diagram
(3.1)
ker(Ψ) H3(A,Z)
A/2 H3(G,Z)/ρ∗(A⊗Z H2(G,Z)).
≃
If Θ := [ , ] : A⊗ZA→ Γ(A), then we have seen that the composite
A⊗Z A
Θ
−→ Γ(A)
Ψ
−→ A⊗Z A,
takes a⊗ b to a⊗ b+ b⊗ a. Thus from the commutative diagram
0 ker(Θ) A⊗Z A im(Θ) 0
0 ker(Ψ) Γ(A) A⊗Z A
Θ
Θ Ψ
Ψ
and the exact sequence (1.3) we obtain the exact sequence
ker(Ψ)→ A/2
δ
→ (A⊗Z A)σ → H2(A,Z)→ 0,
where (A⊗ZA)σ := (A⊗ZA)/〈a⊗ b+ b⊗a|a, b ∈ A〉 and δ(a) = a⊗ a.
But the sequence
0→ A/2→ (A⊗Z A)σ → H2(A,Z)→ 0
always is exact. Thus the map ker(Ψ)→ A/2 is trivial. Now it follows
from the diagram (3.1) that the map H3(A,Z) → H3(G,Z)/ρ∗(A ⊗Z
H2(G,Z)) is trivial. 
Example 3.4. Let A֌ G։ Q be a perfect central extension and let
Q be an H-group. Here we would like to calculate the homomorphism
A/2→ H3(G,Z)/ρ∗(A⊗Z H2(G,Z))
from Theorem 3.2.
The extension A ֌ G ։ Q is an epimorphic image of the uni-
versal extension of Q, which is unique up to isomorphism. Thus we
may assume that our extension is universal. Therefore H1(G,Z) =
H2(G,Z) = 0.
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By studying the spectral sequences of the morphism of Serre fibra-
tions
K(A, 1) K(G, 1) K(Q, 1)
K(G, 1) K(Q, 1) K(A, 2),
we obtain the morphsim of exact sequences
H4(Q,Z) Γ(A) H3(G,Z)
H4(Q,Z) ker(Ψ) H3(G,Z)/ρ∗H3(A,Z).
Note that ker(Ψ) = ker(A ⊗Z A → H2(A,Z)) = 〈a ⊗ a : a ∈ A〉.
By Proposition 3.3, H3(G,Z) = H3(G,Z)/ρ∗H3(A,Z). Since the map
A/2 → H3(G,Z) factors through Γ(A)/H4(Q,Z), it is also factors
through the group ker(Ψ)/H4(Q,Z). In fact it factors throughout
ker(Ψ)/〈a ⊗ b + b ⊗ a|a, b ∈ A〉. Thus it is enough to calculate the
map
ker(Ψ)/〈a⊗ b+ b⊗ a|a, b ∈ A〉
η
−→ H3(G,Z).
Let Q = F/S be a free presentations of Q. By a theorem of Hopf
H2(Q,Z) ≃ (S ∩ [F, F ])/[S, F ] [4, Theorem 5.3, Chap. II]. This iso-
morphism can be given by the following explicit formula
Λ : (S ∩ [F, F ])/[S, F ]
≃
−→ H2(Q,Z) = H2(B•(Q)Q),( g∏
i=1
[ai, bi]
)
[S, F ] 7→
∑g
i=1
(
[s¯i−1|a¯i]+[s¯i−1a¯i|b¯i]−[s¯ib¯i|a¯i]− [s¯i|b¯i]
)
,
where si = [a1, b1] · · · [ai, bi] and for x ∈ F we set x¯ = xS ∈ F/S = Q
[4, Exercise 4, §5, Chap. II]. Note that s¯g = 1. Here B•(Q)→ Z is the
bar resolution of Q.
Let G = F/R, Q = F/S and A = S/F be free presentations of G,
Q and A respectively. Since A is central we have [S, F ] ⊆ R and thus
the following diagram
H2(Q,Z)
≃
−−−−−−−−−−−−−→ A = S/R
Λտ ր
(S ∩ [F, F ])/[S, F ].
commutes, where (S ∩ [F, F ])/[S, F ]→ S/R = A is given by s[S, F ] 7→
sR. For any a ∈ F , we denote aR ∈ G = F/R by aˆ and for any
s ∈ S ∩ [F, F ], we denote s[S, F ] by s˜.
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The Lyndon-Hochschild-Serre spectral sequence
E2p,q = Hp(Q,Hq(A,Z))⇒ Hp+q(G,Z)
gives us a filtration of H3(G,Z)
0 = F−1H3 ⊆ F0H3 ⊆ F1H3 ⊆ F2H3 ⊆ F3H3 = H3(G,Z),
such that E∞i,3−i = FiH3/Fi−1H3. Now by an easy analysis of the above
spectral sequence one sees that F0H3 = F1H3 = 0 and the map η is
induced by the composite
(3.2) ker(Ψ)→ E32,1 ≃ E
∞
2,1 ≃ F2H3 ⊆ H3(G,Z).
If sg =
∏g
i=1[ai, bi] ∈ S ∩ [F, F ], then we need to compute
η(Λ(s˜g)⊗ sˆg) ∈ H3(G,Z)
under the composition (3.2). By direct calculation, which we delete the
details here, this element maps to the following element of H3(G,Z):
λ(sg) := [sˆg|sˆ
−1
g |sˆg]+∑g
i=1
(
[aˆ−1i |sˆ
−1
i−1|sˆg]−[aˆ
−1
i |sˆg|sˆ
−1
i−1]−[aˆ
−1
i |b
−1
i sˆ
−1
i |sˆg]+[aˆ
−1
i |sˆg|bˆ
−1
i sˆ
−1
i ]+
[bˆ−1i |aˆ
−1
i sˆ
−1
i−1|sˆg]−[bˆ
−1
i |sˆg|aˆ
−1
i sˆ
−1
i−1]−[bˆ
−1
i |sˆ
−1
i |sˆg]+[bˆ
−1
i |sˆg|sˆ
−1
i ]+
[sˆg|aˆ
−1
i |sˆ
−1
i−1]−[sˆg|aˆ
−1
i |bˆ
−1
i sˆ
−1
i ]+[sˆg|bˆ
−1
i |aˆ
−1
i sˆ
−1
i−1]−[sˆg|bˆ
−1
i |sˆ
−1
i ]
)
.
4. Third cohomology of central perfect extensions
In this section we prove the cohomology analogue of 2.1, 3.2 and 3.3.
For an abelian group M , let M∗ be its dual group HomZ(M,Z).
Proposition 4.1. Let A be a central subgroup of G and let A ⊆ G′.
Then the map H3(G,Z)→ H3(A,Z) is trivial.
Proof. Let i : A→ G be the usual inclusion map. We have seen at the
beginning of Section 2, that i∗ : H2(A,Z)→ H2(G,Z) is trivial and the
image of i∗ : H3(A,Z) → H3(G,Z) is torsion. Thus i
∗ : H3(G,Z)
∗ →
H3(A,Z)
∗ is trivial (because it factors through Hom(im(i∗),Z) = 0).
Now the claim follows from the commutative diagram
0 Ext1
Z
(H2(G,Z),Z) H
3(G,Z) H3(G,Z)
∗ 0
0 Ext1
Z
(H2(A,Z),Z) H
3(A,Z) H3(A,Z)
∗ 0,
0 0
where the rows are universal coefficients sequences. 
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Proposition 4.2. Let A֌ G ։ Q be a perfect central extension. If
Q is an H-group, then we have the exact sequence
0→ Ext1
Z
(A,Z)→ H3(Q,Z)→ H3(G,Z)
ρ∗
−→ (A⊗Z H2(G,Z))
∗.
In particular if the extension is universal we have the exact sequence
0→ Ext1
Z
(A,Z)→ H3(Q,Z)→ H3(G,Z)→ 0.
Proof. By the universal coefficients theorem for the cohomology of
groups and spaces we have
H1(G,Z) = 0, H2(G,Z) ≃ Hom(H2(G,Z),Z), H
1(K(A, 2),Z) = 0,
H2(K(A, 2),Z) ≃ Hom(A,Z), H3(K(A, 2),Z) ≃ Ext1
Z
(A,Z)
and
H4(K(A, 2),Z) ≃ Hom(Γ(A),Z).
From the fibration
K(G, 1)+ → K(Q, 1)+ → K(A, 2),
we obtain the Serre spectral sequence
Ep,q2 = H
p(K(A, 2), Hq(G,Z))⇒ Hp+q(Q,Z).
By a direct analysis of this spectral sequence we obtain the exact se-
quence
0→ Ext1
Z
(A,Z)→ H3(Q,Z)→
ker
(
H3(G,Z)→ Hom(A,H2(G,Z))
)
→ Γ(A)∗.
Since
Hom(A,H2(G,Z)) ≃ Hom(A,Hom(H2(G,Z),Z)) ≃ (A⊗Z H2(G,Z))
∗,
we have the exact sequence
0→ Ext1
Z
(A,Z)→ H3(Q,Z)→
ker
(
H3(G,Z)
ρ∗
−→ (A⊗Z H2(G,Z))
∗
)
→ Γ(A)∗.
Now first let the extension is universal. Then the above extension
finds the following form
0→ Ext1
Z
(A,Z)→ H3(Q,Z)→ H3(G,Z)→ Γ(A)∗.
From the proof of Theorem 3.2 we see that the map Γ(A)→ H3(G,Z)
factors throught A/2 = Γ(A)/[A,A]. Thus
H3(G,Z) = H3(G,Z)
∗ → Γ(A)∗
factors through (A/2)∗ = 0, which implies that it is trivial
14 B. MIRZAII, F. Y. MOKARI, AND D. C. ORDINOLA
In general the extension A ֌ G ։ Q is an epimorphic image of
a universal central extension of Q, say A1 ֌ G1 ։ Q, where A1 ≃
H2(Q,Z). That is we have a morphism of extensions
A1 G1 Q
A G Q.
=
This gives us the commutative diagram of exact sequences
0 Ext1
Z
(A,Z) H3(Q,Z) H˜3(G,Z) Γ(A)∗
0 Ext1
Z
(A1,Z) H
3(Q,Z) H3(G1,Z) Γ(A1)
∗.
=
0
where H˜3(G,Z) := ker
(
H3(G,Z)
ρ∗
−→ (A ⊗Z H2(G,Z))
∗
)
. (Note that
since A1 → A is surjective, Γ(A1) → Γ(A) is surjective too. This
implies that the map Γ(A)∗ → Γ(A1)
∗ is injective.) Now from the
above diagram we see that the map H˜3(G,Z)→ Γ(A)∗ is trivial. This
proves our claim. 
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